Abstract. An abstract simplicial complex is a finite family of subsets of a finite set, closed under subsets. Every abstract simplicial complex C naturally determines a Bratteli diagram and a stable AF-algebra A(C). Consider the following problem:
Introduction
Every abstract simplicial complex C over {1, 2, . . . , n} naturally generates a direct system D(C) = {ϕ i : Z n+i → Z n+i+1 |i = 0, 1, . . . } of simplicial groups and positive homomorphisms, by repeated application of the De Concini-Procesi starring procedure [18] , [8] . Elliott's classification [6] , [11] yields from D(C) a stable AF-algebra A(C), and we say that C is C * -equivalent to C iff A(C) is isomorphic to A(C ). We prove the Gödel-incompleteness (i.e., the undecidability together with the effective enumerability) of the isomorphism problem for stable AF-algebras arising from abstract finite simplicial complexes. While the isomorphism problem is decidable for stable AF-algebras arising from the iteration of the same positive integer matrix [4] , [5] , our undecidability result holds for a class L of stable AF-algebras arising from very simple sequences of matrices ϕ i obtained by appending a suitable bottom row of zeros and ones to the (n + i) × (n + i) identity matrix. A stable AF-algebra is in L iff its K 0 -group, equipped with the natural order induced by the Murray-von Neumann order of equivalence classes of projections, is a finitely generated projective lattice-ordered abelian group. Undecidability follows from Markov's celebrated theorem on the undecidability of the piecewise linear homeomorphism of compact simplicial complexes, [9] .
Statement of the main result
For each n = 1, 2, . . . , elements of Hom(Z n , Z) are identified with row (= bra) vectors h = (h 1 , . . . , h 1 ) ∈ Z n . For every column (= ket) vector x ∈ Z n , the value h(x) is given by the scalar product h • x. Given ket vectors x = y ∈ Z n , the h-temperature of {x, y} is the integer (h • x)(h • y). We say that {x, y} is h-cooler than {x , y } iff (h • x)(h • y) < (h • x )(h • y ).
Throughout this paper, the set Hom(Z n , Z) is equipped with the following lexicographic order: Given distinct h, k ∈ Hom(Z n , Z), we say that h precedes k, in symbols h k, iff either |h 1 | + · · · + |h n | < |k 1 | + · · · + |k n |, or |h 1 | + · · · + |h n | = |k 1 | + · · · + |k n | and, letting i be the first index such that h i = k i , we have h i < k i . One similarly defines the lexicographic order for two-element subsets of Z n . Let ∆ be a (finite)
1 non-singular fan in R n (i.e., [18] , ∆ is a complex of rational simplicial cones in R n such that every cone is generated by a part of a basis of Z n ). Let ∆ (i) denote the set of i-dimensional cones in ∆. Let us write
and say that each ρ i is generated by the primitive 2 vector v i ∈ Z n . The latter is uniquely determined. We shall similarly express every two-dimensional cone σ = v i , v j ∈ ∆ (2) as the positive real span of its (uniquely determined) primitive generators v i and v j ∈ Z n . Suppose ∅ = ∆ (2) . Let h ∈ Z n be the -first bra vector such that for some two-dimensional cone σ = v i , v j ∈ ∆ (2) , the h-temperature of {v i , v j } is < 0. Let {v i * , v j * } have the smallest h-temperature. Then the successor ∆ of ∆ is the star subdivision of ∆ obtained by starring ∆ at the mediant v k+1 = v i * +v j * of its 3 h-coolest cone σ * = v i * , v j * ∈ ∆ (2) . In other words, ∆ has a new 1-dimensional cone v k+1 , and every cone σ = v i * , v j * , . . . in ∆ containing σ * as a face is replaced in ∆ by the two cones σ = v k+1 , v j * , . . . and σ = v k+1 , v i * , . . . . Note that ∆ is a non-singular fan in R n . The transition matrix ϕ from ∆ to its successor ∆ is obtained by appending to the k × k identity matrix (δ ij ) a bottom row whose entries are 0, with the exception of the i * th and j * th entries, which are equal to 1. For each integer n ≥ 2, an abstract simplicial complex C over {1, . . . , n} is a collection of subsets of {1, . . . , n} whose union is {1, . . . , n}, and such that, whenever X ∈ C and ∅ = Y ⊆ X, then Y ∈ C. We say that C is non-degenerate iff it has at least one set with two elements. Let C be a non-degenerate abstract simplicial complex over {1, 2, . . . , n}. Let e 1 = (1, 0, 0, . . . , 0), . . . , e n = (0, 0, 0, . . . , 1) be the standard basis vectors in Z n . The map sending each i = 1, 2, . . . , n into e i transforms C into a non-singular fan ∆(C) in R n , as follows: each one-dimensional cone of ∆(C) has the form ρ i = e i ; each 2-dimensional cone of ∆(C) has the form e i , e j whenever the set {i, j} belongs to C, and so on. ∆(C) is called the initial non-singular fan of C. The diagram D(C) is the sequence of (0, 1) matrices ϕ 0 , ϕ 1 , ϕ 2 , . . . , where ϕ i is the transition matrix from ∆ i to its successor ∆ i+1 = ∆ i (and ∆ 0 = ∆(C)). D(C) is a short notation for the direct system
of simplicial 5 groups and order-preserving homomorphisms. We denote by lim → D(C) the direct limit of the above system, in the category of partially ordered abelian groups with order-preserving homomorphisms [6] , [11] . Two non-degenerate abstract simplicial complexes C over {1, 2, . . . , n} , and C over {1, 2, . . . , n } are said to be C * -equivalent iff lim
The main aim of this paper is to prove the following: 
Radiant functions and Schauder hats
A homogeneous linear polynomial with integer coefficients is a function l : R n → R of the form l(x 1 , . . . , x n ) = a 1 x 1 + · · · + a n x n , where the a j 's are integers.
A function f : R n → R is said to be radiant 7 iff it is continuous and there is a finite set {l 1 , . . . , l q } of homogeneous linear polynomials with integer coefficients such that, for every x = (x 1 , . . . , x n ) ∈ R n , there is an index i ∈ {1, . . . , q} satisfying f (x) = l i (x).
For any subset X ⊆ R n we say that a function g : X → R is radiant over X iff g is the restriction to X of a radiant function f over R n . We let Radiant(X) denote the group of radiant functions over X with the natural pointwise operations and order.
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For every complex Γ of cones in R n , the support |Γ| ⊆ R n of Γ is the point-set union of all cones in Γ, in symbols, |Γ| = {σ|σ ∈ Γ}.
Following [18, p. 66 ], for any non-singular fan ∆ in R n a function s : |∆| → R is said to be a ∆-linear support function iff s is integer-valued over |∆| ∩ Z n and is linear over each cone σ ∈ ∆. We denote by SF(Z n , ∆) the additive group of all ∆-linear support functions (with natural pointwise order). Proposition 2.1. Let ∆ be a non-singular fan in R n , and let
By definition, the simplicial order of Z n is the (coordinatewise) product order induced by the natural order of Z. 6 This terminology will be justified in the final section of this paper. 7 Also known in the literature as continuous piecewise linear homogeneous with integer coefficients. 8 In [9] the same set of functions is denoted PI(X).
be the list of 1-dimensional cones of ∆. Let the map η :
Once the latter group is equipped with the coordinatewise (simplicial) order given by the natural order of Z, it follows that η preserves the natural pointwise order of functions in SF(Z n , ∆), and η −1 preserves the order of Z k ; in symbols, 
Proof. Immediate from Proposition 2.1.
Each function h ρ is said to be the Schauder hat of ρ in ∆. We denote by H(∆) the set of Schauder hats of all 1-dimensional cones in ∆. Our present Schauder hats are a homogeneous reformulation of the functions defined in [15] (ii) By definition, for each j = 1, . . . , k, 
From abstract complexes to diagrams
An abelian group G is said to be partially ordered iff it is equipped with a subset P such that P + P = P, P − P = G, and P ∩ −P = ∅. We write x ≤ y iff y − x ∈ P . We say that (G, P ) is unperforated iff, whenever a ∈ G and na ∈ P for some integer n > 0, then a ∈ P . We call P the positive cone of G, and write G + instead of P . A morphism in the category of partially ordered abelian groups is an order-preserving group homomorphism.
By a dimension group ([6] , [11] ) we mean a partially ordered unperforated abelian group with the Riesz interpolation property:
In this section we shall prove
. . the sequence of successor fans, ϕ i the transition matrix from ∆ i to ∆ i+1 = ∆ i , and
in the category of partially ordered abelian groups, we have the isomorphism
For the proof we need 
Proof. In the light of Propositions 2.1-2.4, we can safely restrict attention to the
. . , h w k , h w k+1 be the Schauder hats of the successor fan ∆ i = ∆ i+1 , where
. . , k we have the following maps:
Lemma 3.3. For each j = 0, 1, . . . , the homomorphism ϕ j : Z n+j → Z n+j+1 has the following properties:
Proof. By direct inspection.
Lemma 3.4. For each
Proof. From Propositions 2.1 and 2.4.
Given any (bra) vector h ∈ Z n , and any 2-dimensional σ = v, w ∈ ∆ i , we naturally define the h-temperature of the cone σ to be the integer (h • v)(h • w). •
cones of ∆ i having h-temperature t(i).
Since h is the -first bra vector such that for some 2-dimensional cone σ ∈ ∆ i the h-temperature of σ is < 0, it follows that, by starring ∆ i at the mediant m = v + w of the h-coolest 2-dimensional cone σ = v, w ∈ ∆ i , we obtain the successor fan
The non-singular fan ∆ i+1 satisfies one of the following conditions:
As explained in Section 1, any new cone τ in the successor fan ∆ i+1 has either the form m, w, u 1 , . . . , u k or the form m, v, u 1 , . . . , u k . To see that that the h-temperature of τ is > t(i), we first evaluate
Similarly, (h • w)(h • m) > t(i).
Further, for every r = 1, . . . , k, we can write
The claim is settled. Thus after a finite number c of starrings we must reach a situation where the h-temperature of all 2-dimensional cones of ∆ b+c is ≥ 0. We have obtained a contradiction, as required to complete the proof.
Lemma 3.7. For every function
Proof. Let the pieces of g be given by the list {l 1 , . . . , l z } of homogeneous linear polynomials with integer coefficients. Let {l 1 , . . . , l z } be their associated bra vectors in
Recalling the definition of lexicographic order given in Section 1, by Lemmas 3.5 and 3.6 there exists an integer t * ≥ 0 such that, for each l ij , the l ij -temperature of every 2-dimensional cone σ ∈ ∆ t * is ≥ 0. Claim: For each cone σ ∈ ∆ t * , the polynomials l i are stratified over σ, in the sense that for some permutation ω = ω(σ) of the set {1, . . . , z} the simultaneous
As a matter of fact, if the cone σ were a counterexample, then we would have two polynomials l i and l j and points x, y ∈ σ such that l i (x) > l j (x) and l i (y) < l j (y). Thus the linear polynomial l ij = l i − l j changes its sign over σ. Therefore, it is impossible that l ij ≥ 0 over each 1-dimensional face of the simplicial cone σ.
Similarly, we cannot have l ij ≤ 0 over each 1-dimensional face of σ. We conclude that the linear polynomial l ij must change its sign over some 2-dimensional face τ = v, w of σ. In other words, the l ij -temperature of {v, w} is < 0. Since this is impossible in ∆ t * , we have reached the desired contradiction to settle our claim.
Since the linear pieces of g are stratified over each cone of ∆ t * , it is easy to see that g must be linear over each cone σ ∈ ∆ t * .
Lemma 3.8. For each
coincides with the subgroup of Radiant(|∆(C)|) generated by the set H(∆ i )) of Schauder hats, and we have the identity
linear support functions s ≥ 0 coincides with the sub-monoid of Radiant(|∆(C)|) generated by H(∆ i ), and we have the identity
Proof. By Lemma 3.4, the union of the subgroups SF(Z n , ∆ i ) is a subgroup of Radiant(|∆(C)|), and the union of the positive cones (SF(Z n , ∆ i )) + is a subset of the positive cone (Radiant(|∆(C)|))
+ . From Lemma 3.7 we see that this union in fact coincides with (Radiant(|∆(C)|))
+ . The desired conclusion now follows from Radiant(|∆(C)|) being generated, as a group, by its positive cone.
Construction of lim
Given a non-degenerate abstract simplicial complex C over {1, 2, . . . , n}, and its direct system
in the light of Lemma 3.3, the general construction of the partially ordered group U = lim → D(C) can be simplified as follows:
with ϕ i i being the identity over Z n+i . C2: Over the set Z ≥n = Z n ∪Z n+1 ∪Z n+2 ∪. . . , define the equivalence relation ∼ by stipulating that, for all x ∈ Z n+i and y ∈ Z n+j , x ∼ y iff ϕ
C3: Define the underlying set of U to be the set Z ≥n / ∼ of ∼-equivalence classes. For each i = 0, 1, . . . , define the map ϕ ≥n / ∼ to be positive iff, letting j be the uniquely determined integer such that y ∈ Z n+j , it follows that y is positive in the simplicial group Z n+j , i.e., all coordinates of y are ≥ 0. Note that if y ∼ x and x ∈ Z n+i , then also x is positive in the simplicial group Z n+i .
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Call U the resulting partially ordered abelian group.
Lemma 3.9. (i) U is the limit of the direct system (10) in the category of partially ordered abelian groups, in symbols,
Further, U is a dimension group. 
Proof. (i) This follows from the Effros-Handelman-Shen characterization of dimension groups [6] , [11] .
(ii) Immediate from Lemma 3.3. i (x) is a function in SF(Z n , ∆ i ) which can be uniquely written as a linear combination of the Schauder hats of ∆ i with the same coefficients. We now have
This completes the proof of Theorem 3.1.
-group presentations and -equivalence
An abelian lattice ordered group (for short, an -group) G is an abelian group that is also a lattice satisfying the equations x + (y ∨ z) = (x + y) ∨ (x + z) and x + (y ∧ z) = (x + y) ∧ (x + z). In agreement with the usual notation for partially ordered abelian groups, the positive cone G + is defined by
For every X ⊆ R n the group Radiant(X) of radiant functions over X with pointwise max-min operations is an example of an -group. (x 1 , . . . , x n ) ∈ R n and i = 1, . . . , n. In symbols,
Under this identification, every element f ∈ F n can be written in the form 
is a presentation of G.
Two sets E 1 ⊆ R p and E 2 ⊆ R q are -equivalent 10 iff there exist functions
we have the identities g(f (y)) = y and f (g(z)) = z, for all y ∈ E 1 and z ∈ E 2 . If necessary, we may specify that E 1 and E 2 are -equivalent via the maps f and g. Following tradition, for every element x ∈ G we let |x| = x ∨ −x. ( 
Proposition 4.2. (i) Suppose
and the number n of 1-dimensional cones in ∆ ℘ satisfies the inequality n ≥ m. Specifically, Θ 1 outputs the finite sequence of sets of primitive generating vectors of every cone in ∆ ℘ .
Proof. As in the above proposition, we first transform ℘ into the equivalent presentation
Trivially, ℘ can be effectively computed from ℘. Again using standard manipulations and recalling (11)- (12), we can rewrite γ in the equivalent form
where each ψ ij is (a term over the variables X 1 . . . , X m in the language of groups, representing) a homogeneous linear polynomial over R m with integer coefficients. Each variable symbol X i represents the ith projection function π i over R m . We can safely assume that the -group term 0 is among the ψ ij 's. Let Λ be the following list of -group terms:
For each permutation ω of the set {1, . . . , p} × {1, . . . , q}, and for each function : {1, . . . , m} → {1, −1}, let σ ω be set of solutions in R m of the system of linear inequalities in the "unknowns"
A moment's reflection shows that each σ ω is a rational convex polyhedral cone and is pointed (in the sense that no line is contained in σ ω ). Further, the collection of all faces of all cones σ ω forms a complex Γ ℘ of rational convex pointed polyhedral cones, whose support is R m . There is a Turing machine which for input ℘ computes the set of primitive generating vectors in Z m for every cone of Γ ℘ . Indeed, the above system (14) is effectively constructed from ℘, and the cones in R m solving (14) can be effectively presented by their primitive generating vectors [10, Lemma 5 and Theorem 6].
Recalling (11) , once interpreted in the free -group F m , the -term γ represents a radiant function f γ : R m → R, whose linear pieces are given by (some of) the polynomials f ψ represented by the ψ's. Over each cone σ ω , f γ is linear and coincides with some f ψ . Let Γ ℘ denote the subcomplex of Γ ℘ given by those cones σ of Γ ℘ such that f γ vanishes over σ. It follows that the zero set Z ℘ = f (16) that G is the k-fold cartesian product of the additive group of integers with the natural order. In other words, G is simplicial, whence G has only finitely many maximal -ideals.
If, on the other hand, ∆ ℘ possesses at least one 2-dimensional cone σ = v, w , then for each 1-dimensional rational cone ρ ⊆ σ, the restriction to ρ of all functions of G yields an -homomorphism θ ρ of G onto Z. The kernel of θ ρ is a maximalideal of G. Since different ρ's give different maximal -ideals, G has infinitely many maximal -ideals. By direct inspection on the output string ∆ ℘ , of the Turing machine Θ 1 , we can decide whether ∆ ℘ contains a 2-dimensional cone.
Theorem 4.5. There is a Turing machine Θ 2 which, given the presentation ℘ of an -group G, proceeds as follows:
• If ℘ is the presentation of an -group having finitely many maximal -ideals, Θ 2 outputs the number 0. Otherwise, if there exists a 2-dimensional cone in ∆ ℘ , then machine Θ 2 extracts from ∆ ℘ the non-degenerate abstract simplicial complex C = C ℘ over {1, . . . , n} as follows: a set S ⊆ {1, . . . , n} is in C iff {v j | j ∈ S} is the set of primitive generating vectors of some cone in ∆ ℘ . The map ℘ → C ℘ is Turing-computable. Now Θ 2 transforms C ℘ into the new fan ∆(C ℘ ) in R n obtained by mapping each index i = 1, . . . , n into the basis vectors e 1 , . . . , e n of Z n , as is done in Section 1. Trivially, ∆(C ℘ ) is non-singular. We shall now prove Claim: The supports |∆ ℘ | ⊆ R m and |∆(C ℘ )| ⊆ R n are -equivalent. We must exhibit radiant functions
To this purpose, for every cone
we shall map σ one-to-one onto the corresponding cone σ = e ω (1) , . . . , e ω(k) ⊆ Z n via a linear transformation with integer coefficients whose inverse also has integer coefficients. Since by Proposition 4.3, k ≤ m ≤ n, then the non-singularity of ∆ ℘ yields a basis in Z m having the form j = 1, . . . , k) . Let the n × m matrix A be defined as follows:
• for each k < j ≤ m the jth column of A is zero;
• for each 1 ≤ j ≤ k the jth column of A is zero except at its ω(j)th entry.
We shall show that the linear transformation
has an inverse, also with integer coefficients. As a matter of fact, let C = C σ be the m × n integer matrix whose ω(j)th column (j = 1, . . . , k) coincides with the vector v ω(j) , and whose remaining columns are zero. Then C σ sends the generating vectors of the cone σ = e ω(1) , . . . , e ω(k) ⊆ Z n corresponding to σ one-to-one onto the generating vectors of σ, and we can write
Thus, C σ is a one-to-one linear map, with integer coefficients, of Using Proposition 4.2, we get
The desired conclusion now follows from (13).
Conclusion of the proof of the main theorem
End of proof of (i). By Theorems 4.5 and 3.1, together with Lemma 4.4, there is a Turing machine Θ 3 which, having as input a pair of presentations (℘, ℘ ), in case both ℘ and ℘ are presentations of -groups with infinitely many maximal -ideals outputs a pair of abstract simplicial complexes (C(℘), C(℘ )) having the following property: ℘ and ℘ are presentations of isomorphic -groups iff lim
11 By way of contradiction, suppose the C * -equivalence problem for non-degenerate abstract simplicial complexes C and C is Turing-decidable. Using the Turing machines Ψ and Θ 3 , we have an effective procedure to decide if ℘ and ℘ are presentations of isomorphic -groups with infinitely many -ideals. From Lemma 4.4 one easily obtains an effective procedure to decide if ℘ and ℘ are presentations of isomorphic -groups with finitely many -ideals.
Therefore, there is an effective procedure to decide if ℘ and ℘ are presentations of isomorphic -groups. Now from Markov's celebrated undecidability theorem for the piecewise linear homeomorphism for compact polyhedra ( [9] and references therein), one obtains as a corollary that the isomorphism problem for finite presentations of -groups is Turing-undecidable [9, Theorem A (2), p. 53]. We have reached the desired contradiction, and the proof of Theorem 1.1(i) is complete.
Proof of (ii). We first consider the following problem:
Assume we are given a pair of non-degenerate abstract simplicial complexes C and C , respectively over {1, . . . , n} and {1, . . . , n }, together with -group terms We conclude the proof of part (ii) of the main theorem as follows: Let the Turing machine Ω enumerate all quadruples
where
• C and C are abstract simplicial complexes, over {1, 2, . . . , n} and {1, 2, . . . , n }, respectively, • (ζ 1 (X 1 , . . . , X n ), . . . , ζ n (X 1 , . . . , X n )) is an n -tuple of -group terms in the variables X 1 , . . . , X n , and
Letting f : R n → R n and g : R n → R n be their corresponding maps, one decides, as in the above claim, whether |∆(C)| and |∆(C )| are -equivalent via f and g. Whenever this is the case, (C, C ) is added to the set of C * -equivalent pairs; as a matter of fact, by Theorem 3.1 and Proposition 4.2, C is C * -equivalent to C iff the -groups Radiant(∆(C)) and Radiant(∆(C )) are isomorphic, iff |(∆(C))| and |(∆(C ))| are piecewise linear homogeneous equivalent.
After examining the quadruple Q, our machine Ω proceeds to the examination of the next quadruple. We have proved that the set of C * -equivalent pairs (C, C ) is recursively enumerable (yet undecidable, by part (i)). This completes the proof of part (ii) of the main theorem.
The proof of Theorem 1.1 is complete.
Remarks. 1. From the proof of Theorems 4.5 and 3.1, one has a constructive proof that every finitely presented -group G is ultrasimplicial (i.e., G is the limit of a direct system of simplicial groups with order-preserving 1-1 homomorphisms ϕ i ). Furthermore, by Lemma 3.3 each ϕ i is strong with respect to the order relation, and its image is pure. Compare with [15, Theorem 2.1] (also see [16] ), and with the general, albeit non-constructive, result [12] , to the effect that every -group is ultrasimplicial. 2. In general, it is hard to decide whether the dimension group arising as the limit of a system of simplicial groups and positive integer matrices is lattice-ordered [7] . By Theorem 3.1, all dimension groups arising from non-degenerate abstract simplicial complexes are automatically lattice-ordered.
Gödel-incomplete stable isomorphism problems
In this final section we reformulate our main theorem in the language of AFalgebras, using Elliott's classification theory [6] , [11] . Recall that an AF-algebra A is a separable C * -algebra such that for every > 0 and every finite subset B ⊆ A there are a finite-dimensional * -subalgebra A of A and a finite subset B ⊆ A approximating B up to error . If, in addition, A is isomorphic to its tensor product with the compact operators on a separable Hilbert space, then A is said to be stable.
Grothendieck's K 0 -functor transforms every stable AF-algebra A into a countable dimension group (K 0 (A), K 0 (A) + ), in such a way that isomorphism classes of stable AF-algebras are in one-to-one correspondence with isomorphism classes of countable dimension groups. It follows from Theorem 3.1 that two abstract simplicial complexes C, C are C * -equivalent iff the stable AF-algebras A(C) and A(C ) associated to the dimension groups lim 
12
In AF-algebraic terms our main result can be read as the Gödel-incompleteness of the C * -equivalence problem for a certain class of simply described AF-algebras as follows: Proof. We only have to take care of (iii). By Theorem 3.1, for every non-degenerate abstract simplicial complex C, the dimension group lim → D(C) is isomorphic to Radiant(|∆(C)|). The latter is a finitely generated -group with infinitely many maximal -ideals. Claim: Radiant(|∆(C)|) is finitely presented.
As a matter of fact, arguing as in the proof of Proposition 2.3, we first extend ∆(C) to a non-singular fan ∆ 3 whose support is all of R n , and let H(∆ 3 ) be the set of all Schauder hats of ∆ 3 . We now pick the subset of H(∆ 3 ) given by those hats that are zero over |∆(C)|. The sum f of the remaining hats is nonzero over R n \ |∆(C)| and is constantly zero over |∆(C)|. Further, by Proposition 2.3(i) (applied to ∆ 3 ) f is a radiant function over R n , and by Proposition 4.1 there is an -group term γ(X 1 , . . . , X n ) representing f as an element of the free -group F n , in symbols f = f γ . The zero set of f γ coincides with the support of ∆(C). The claim is settled. 12 Our present diagrams are the simplification of Bratteli's original definition [3] obtained by stripping all additional machinery needed to code non-stable AF-algebras (such as strong order units, or "scales").
By [1, Theorem 3.1], finitely generated projective -groups coincide with finitely presented -groups.
Remarks: To the best of our knowledge, there are no "toy" Gödel-incomplete problems.
Every AF-algebra whose Murray-von Neumann order of projections is a lattice, is a quotient of the AF-algebra M described in [13, Section 8] . In particular, every stable AF-algebra whose Bratteli diagram is generated by a non-degenerate abstract simplicial complex is a quotient of M .
Let M 1 be the AF-algebra described in [15, Section 3] . As shown therein, the Effros-Shen AF-algebras F θ ( [6] ) are precisely the infinite-dimensional simple quotients of M 1 . The tensor product of the AF-algebra M 1 with the compact operators on a separable Hilbert space has a Bratteli diagram generated by the only non-degenerate abstract simplicial complex over {1, 2}.
The effectiveness of the presentation of the above class of AF-algebras is given by the following result. Proof. (i) The lexicographic order of bra integer vectors, and of pairs of integer vectors, are Turing-decidable relations. The computation of the first bra vector h having negative temperature for some 2-dimensional cone in ∆(C) is effective, and so is the determination of (the primitive generating vectors of) the h-coolest cone. Thus the first integer matrix ϕ 0 can be effectively computed from C. Similarly, there is a Turing machine listing all primitive generating vectors of all cones of the successor ∆ (C) of the non-singular fan ∆(C). A direct inspection of the recursive definition of D(C) now yields the desired conclusion for every initial segment of the sequence (1).
(ii) By construction, an integer matrix M will never occur in the sequence (1), unless M is obtainable by a appending a bottom row of the form 0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . , 0 (l entries) to the l ×l identity matrix. If M does have this form, and C is an abstract simplicial complex over, say, {1, . . . , n}, there is at most one j such that M may satisfy the identity M = ϕ j , namely j = l − n. Using the Turing machine Φ , we can effectively display the jth initial segment of (1), and then check if the identity holds.
Following [4] and [5] , two square, non-singular, integer, primitive 13 matrices are said to be C * -equivalent iff their associated stable AF-algebras are isomorphic.
In [5] it is proved that there is an algorithm to decide isomorphism of stationary AF-algebras arising from primitive matrices. Proof. Otherwise, if f has all three properties, using the decidability result of [5] we could effectively decide C * -equivalence of abstract simplicial complexes, against our main theorem. The rest is clear.
In the introduction of [5] the authors note that their decidability result is interesting in view of the fact that the corresponding problem for non-constant (effectively presented) incidence matrices is undecidable, as shown in [17] . Added weight is given to their remark by Proposition 6.3, because the set of diagrams of the form D(C) is only a simple and small fragment of the class of all effectively presented diagrams.
